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a b s t r a c t
An r-graph is a loopless undirected graph in which no two vertices are joined by more
than r edges. An r-complete graph on m + 1 vertices, denoted by K (r)m+1, is an r-graph
on m + 1 vertices in which each pair of vertices is joined by exactly r edges. A non-
increasing sequence pi = (d1, d2, . . . , dn) of nonnegative integers is said to be r-graphic
if it is realizable by an r-graph on n vertices. An r-graphic sequence pi is said to be
potentially K (r)m+1-graphic if it has a realization containing K
(r)
m+1 as a subgraph. In this
paper, some conditions for r-graphic sequences to be potentially K (r)m+1-graphic are given.
These are generalizations from 1-graphs to r-graphs of four theorems due to Rao [A.R.
Rao, The clique number of a graph with given degree sequence, in: A.R. Rao (Ed.), Proc.
Symposium on Graph Theory, in: I.S.I. Lecture Notes Series, vol. 4, MacMillan and Co.
India Ltd., (1979), 251–267; A.R. Rao, An Erdös-Gallai type result on the clique number
of a realization of a degree sequence (unpublished)] and Kézdy and Lehel [A.E. Kézdy, J.
Lehel, Degree sequences of graphs with prescribed clique size, in: Y. Alavi et al., (Eds.),
in: Combinatorics, Graph Theory, and Algorithms, vol. 2, New Issues Press, Kalamazoo
Michigan, 1999, 535–544].
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
For a positive integer r , an r-graph is a loopless undirected graph in which no two vertices are joined by more than r
edges. An r-complete graph on m + 1 vertices, denoted by K (r)m+1, is an r-graph on m + 1 vertices in which each pair of
vertices is joined by exactly r edges. Clearly, K (1)m+1 = Km+1. A non-increasing sequence pi = (d1, d2, . . . , dn) of nonnegative
integers is said to be r-graphic if it is the degree sequence of an r-graph G on n vertices, and such an r-graph G is referred to
as a realization of pi . The following three theorems due to Chungphaisan [1] are generalizations from 1-graphs to r-graphs
of three well-known theorems, one by Erdős and Gallai [2], one by Kleitman and Wang [7] and one by Fulkerson, Hoffman
and Mcandrew [4].
Theorem 1.1 (A Generalized Erdős–Gallai Theorem [1]). Let pi = (d1, d2, . . . , dn) be a non-increasing sequence of nonnegative
integers, where σ(pi) is even. Then pi is r-graphic if and only if for each positive integer t ≤ n,
t∑
i=1
di ≤ rt(t − 1)+
n∑
i=t+1
min{rt, di}.
Let pi = (d1, d2, . . . , dn) be a non-increasing sequence of nonnegative integers with d1 ≤ ∑ni=2min{r, di}. Define pi ′k =
(d′1, d
′
2, . . . , d
′
n−1) to be the non-increasing rearrangement of the sequence obtained from (d1, . . . , dk−1, dk+1, . . . , dn) by
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reducing by 1 the remaining largest term that has not already been reduced r times, and repeating the procedure dk times. pi ′k
is called the residual sequence obtained from pi by laying off dk.
Theorem 1.2 (A Generalized Kleitman–Wang Theorem [1]). pi is r-graphic if and only if pi ′k is r-graphic.
If H is an r-graph obtained from an r-graph G by replacing two independent edges uv, xy in G with two edges ux, vy (or
uy, vx), we say that H is obtained from G by an r-exchange.
Theorem 1.3 (A Generalized Fulkerson–Hoffman–McAndrew Theorem [1]). Let pi be an r-graphic sequence, and let G and G′ be
realizations of pi . Then there is a sequence of r-exchanges, E1, . . . , Ek such that the application of these r-exchanges to G in order
will result in G′.
An r-graphic sequence pi is said to be potentially K (r)m+1-graphic if there exists a realization of pi containing K
(r)
m+1 as a
subgraph. Ifpi has a realization G containing K (r)m+1 on them+1 vertices of highest degree in G, thenpi is said to be potentially
A(r)m+1-graphic. As a special case of Lemma 2.1 in [13], Yin showed that an r-graphic sequence is potentially K
(r)
m+1-graphic if
and only if it is potentially A(r)m+1-graphic. Themain results of this paper are the following four theorems about conditions for
r-graphic sequences to be potentially K (r)m+1-graphic, which are generalizations from 1-graphs to r-graphs of four theorems
due to Rao [11,12] and Kézdy and Lehel [6]. Borrowing the technique of ‘‘laying off’’, we first give the following definitions.
Let n ≥ m+ 1 and pi = (d1, d2, . . . , dn) be an r-graphic sequence with dm+1 ≥ rm. We define sequences pi0, . . . , pim+1
as follows. Let pi0 = pi . Let
pi1 = (d2 − r, . . . , dm+1 − r, d(1)m+2, . . . , d(1)n ),
where d(1)m+2, . . . , d
(1)
n is the non-increasing rearrangement of the sequence obtained from dm+2, . . . , dn by reducing by 1 the
largest term that has not already been reduced r times, and repeating the procedure d1− rm times. For 2 ≤ i ≤ m+1, given
pii−1 = (di − (i− 1)r, . . . , dm+1 − (i− 1)r, d(i−1)m+2 , . . . , d(i−1)n ),
let
pii = (di+1 − ir, . . . , dm+1 − ir, d(i)m+2, . . . , d(i)n ),
where d(i)m+2, . . . , d
(i)
n is the non-increasing rearrangement of the sequence obtained from d
(i−1)
m+2 , . . . , d
(i−1)
n by reducing by
1 the largest term that has not already been reduced r times, and repeating the procedure di − rm times. We now give a
procedure (the following Theorem 1.4) to determine whether pi is potentially A(r)m+1-graphic or not, that is a generalization
from 1-graphs to r-graphs of a theorem due to Rao [11]. This procedure can also be used to construct a graph with degree
sequence pi and containing K (r)m+1 on the firstm+ 1 vertices.
Theorem 1.4 (A Generalized A.R. Rao Theorem). Let n ≥ m + 1 and pi = (d1, d2, . . . , dn) be an r-graphic sequence with
dm+1 ≥ rm. Then pi is potentially A(r)m+1-graphic if and only if pim+1 is r-graphic.
The following Theorem 1.5 is a characterization for an r-graphic sequence pi to be potentially K (r)m+1-graphic. This is a
generalization from 1-graphs to r-graphs of a theorem due to Rao [12] or Kézdy and Lehel [6].
Theorem 1.5 (A Generalized A.R. Rao or Kézdy–Lehel Theorem). Let n ≥ m + 1 and pi = (d1, d2, . . . , dn) be an r-graphic
sequencewith dm+1 ≥ rm. Thenpi is potentially A(r)m+1-graphic if and only if for any s and t, 0 ≤ s ≤ m+1 and 0 ≤ t ≤ n−m−1,
s∑
i=1
di +
t∑
i=1
dm+1+i ≤ r(s+ t)(s+ t − 1)+
m+1∑
i=s+1
min{r(s+ t), di − r(m− s)} +
n∑
i=m+t+2
min{r(s+ t), di}. (∗)
A simplification of Theorem1.5 (the following Theorem1.6) and a simple sufficient condition (the following Theorem1.7)
are also presented. These are corresponding generalizations from 1-graphs to r-graphs of two theorems due to Rao [12].
Theorem 1.6 (A Generalized A.R. Rao Theorem). Theorem 1.5 remains valid if condition (∗) is assumed only for those s and t for
which ds > ds+1 or s = 0 or s = m+ 1 and dm+1+t > dm+2+t or t = 0 or t = n−m− 1.
Theorem 1.7 (A Generalized A.R. Rao Theorem). Let n ≥ m + 1 and pi = (d1, d2, . . . , dn) be an r-graphic sequence. If
dm+1 ≥ 2rm− 1, then pi is potentially K (r)m+1-graphic.
An extremal problem for 1-graphic sequences to be potentially K (1)m+1-graphic was considered and conjectured by Erdős
et al. [3], and investigated and confirmed by Gould et al. [5] and Li et al. [8–10]. Recently, Yin [13] generalized this extremal
problem and the Erdős–Jacobson–Lehel conjecture from 1-graphs to r-graphs.
2. Proofs of Theorem 1.4–1.7
Let G be an r-graph with x, y ∈ V (G), eG(x, y) be the number of edges in G joining x and y and NG(x) be the neighbor set
of x in G.
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Proof of Theorem 1.4. Assume that pi is potentially A(r)m+1-graphic. Let G be a realization of pi with the vertex set V (G) ={v1, v2, . . . , vn} such that dG(vi) = di for 1 ≤ i ≤ n and {v1, v2, . . . , vm+1} forms an r-complete subgraph of G. We will
show by applying a sequence of r-exchanges to G in order that there is one such realization G′ such that G′ \ {v1} has the
degree sequence pi1. If there are x, y ∈ {vm+2, vm+3, . . . , vn} such that dG(x)− eG(v1, x) > dG(y)− eG(v1, y), eG(v1, x) < r
and eG(v1, y) ≥ 1, then there is z ∈ V (G) \ {v1, x, y} such that eG(x, z) > eG(y, z), we will get a realization of pi by replacing
two independent edges v1y, xz in G with two edges v1x, yz, repeating this procedure at most d1 − rm times, the required
realization G′ of pi will be obtained. Applying this method, we can show that pii is r-graphic for i = 2, . . . ,m+ 1 in turn.
Suppose that pim+1 is r-graphic and is realized by an r-graph Gm+1 with the vertex set V (Gm+1) = {vm+2, . . . , vn} such
that dGm+1(vi) = d(m+1)i for m + 2 ≤ i ≤ n. For i = m + 1, . . . , 1 in turn, form Gi−1 from Gi by adding a new vertex vi that
is adjacent to each of vi+1, . . . , vm+1 with r edges and also to vk with d(i−1)k − d(i)k edges for each k = m + 2, . . . , n. Then,
for each i, Gi has degrees given by pii, and Gi contains an r-complete subgraph of m + 1 − i vertices vi+1, . . . , vm+1 whose
degrees are di+1 − ir, . . . , dm+1 − ir . In particular, G0 contains an r-complete subgraph with vertices v1, . . . , vm+1. 
Proof of Theorem 1.5. To prove the necessity, we let G be an r-graph with the vertex set V (G) = {v1, v2, . . . , vn} such that
dG(vi) = di for i = 1, 2, . . . , n and {v1, v2, . . . , vm+1} induces an r-complete subgraph. Then,∑si=1 di +∑ti=1 dm+1+i is the
sum of the number of edges from vh to {v1, . . . , vs, vm+2, . . . , vm+1+t} the summation being taken over h = 1, 2, . . . , n.
Now the contribution of vh to this sum is at most r(s + t − 1) if h ∈ {1, . . . , s,m + 2, . . . ,m + 1 + t}, at most
min{r(s + t), dh − r(m − s)} if h ∈ {s + 1, . . . ,m + 1} and at most min{r(s + t), dh} if h ∈ {m + t + 2, . . . , n}. Thus
the necessity is proved.
To prove the sufficiency, we shall use a well-known result of Fulkerson et al. [4]. Let H be an r-graph on the vertex set
V (H) = {v1, v2, . . . , vn}. We say that H satisfies the odd-cycle condition, if between any two disjoint odd cycles there is an
edge.
Theorem 2.1 (Fulkerson et al. [4]). Assume that H is an r-graph and satisfies the odd-cycle condition, where V (H) =
{v1, v2, . . . , vn}. There exists an r-subgraph G ⊆ H such that every vertex vi has degree di, if and only if
(i)
∑n
i=1 di is even,
(ii) for every A, B ⊆ V (H) such that A ∩ B = ∅, we have∑
vi∈A
di ≤
∑
vi∈A,vj∈V (H)\B
eH(vi, vj)+
∑
vi∈B
di.
We now continue to proceed with the proof of Theorem 1.5. Denote
L(s, t) =
s∑
i=1
(di − rm)+
t∑
i=1
dm+1+i
and
R(s, t) = r(s+ t)(s+ t − 1)− rms+
m+1∑
i=s+1
min{r(s+ t), di − r(m− s)} +
n∑
i=m+t+2
min{r(s+ t), di}.
Assume that n ≥ m + 1, pi = (d1, d2, . . . , dn) is an r-graphic sequence with dm+1 ≥ rm and L(s, t) ≤ R(s, t) for any s and t,
0 ≤ s ≤ m+ 1 and 0 ≤ t ≤ n−m− 1.
Let pi ′ = (d′1, . . . , d′m+1, d′m+2, . . . , d′n), where d′i = di − rm for 1 ≤ i ≤ m + 1 and d′i = di for m + 2 ≤ i ≤ n. Let H
be the graph obtained from K (r)n with the vertex set V (K
(r)
n ) = {v1, v2, . . . , vn} by deleting all edges between vi and vj for
any i, j ∈ {1, 2, . . . ,m+ 1}. It is easy to see that pi is potentially A(r)m+1-graphic if and only if H has an r-subgraph Gwith the
degree sequence pi ′ such that every vertex vi has degree d′i . Observe that between any two disjoint odd cycles of H there is
an edge. Therefore, H satisfies the odd-cycle condition and we may apply Theorem 2.1.
Let K = {v1, v2, . . . , vm+1} and A, B ⊆ V (H) such that A ∩ B = ∅. Let A1 = A ∩ K , A2 = A \ K , B1 = B ∩ K , B2 = B \ K ,
and set s = |A1|, t = |A2|, b1 = |B1|, b2 = |B2|. For convenience, we denote
L′(A, B) =
∑
vi∈A
d′i =
∑
vi∈A1
(di − rm)+
∑
vi∈A2
di,
R′(A, B) =
∑
vi∈A,vj∈V (H)\B
eH(vi, vj)+
∑
vi∈B
d′i
=
∑
vi∈A,vj∈V (H)\B
eH(vi, vj)+
∑
vi∈B1
(di − rm)+
∑
vi∈B2
di.
Clearly, L′(A, B) ≤ L(s, t).
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vi∈A,vj∈V (H)\B eH(vi, vj) is the number of counting the edges of H between A and V (H) \ (A∪B) and double counting the
edges induced by A. Thus we get∑
vi∈A,vj∈V (H)\B
eH(vi, vj) = 2rst + rt(t − 1)+ rt(m+ 1− s− b1)+ r(s+ t)(n− (m+ 1)− t − b2)
= 2rst + rt(t − 1)+
m+1−b1∑
i=s+1
rt +
n−b2∑
i=m+t+2
r(s+ t).
Therefore,
R′(A, B) =
∑
vi∈A,vj∈V (H)\B
eH(vi, vj)+
∑
vi∈B1
(di − rm)+
∑
vi∈B2
di
≥ 2rst + rt(t − 1)+
m+1−b1∑
i=s+1
rt +
n−b2∑
i=m+t+2
r(s+ t)+
m+1∑
i=m+2−b1
(di − rm)+
n∑
i=n+1−b2
di
≥ 2rst + rt(t − 1)+
m+1∑
i=s+1
min{rt, di − rm} +
n∑
i=m+t+2
min{r(s+ t), di}
= 2rst + rt(t − 1)+
m+1∑
i=s+1
min{r(s+ t), di − r(m− s)} − (m+ 1− s)rs+
n∑
i=m+t+2
min{r(s+ t), di}
= R(s, t).
It follows from L(s, t) ≤ R(s, t) that L′(A, B) ≤ R′(A, B). By Theorem 2.1, H has an r-subgraph G with the degree sequence
pi ′ such that every vertex vi has degree d′i , and hence pi is potentially A
(r)
m+1-graphic. Thus the sufficiency is proved. 
Proof of Theorem 1.6. Let condition (∗) hold for those s and t for which ds > ds+1 or s = 0 or s = m + 1 and
dm+1+t > dm+2+t or t = 0 or t = n−m−1.Wewill show that (∗) hold for any s and t , 0 ≤ s ≤ m+1 and 0 ≤ t ≤ n−m−1.
Suppose not. Let s, t be such that
s∑
i=1
di +
t∑
i=1
dm+1+i > r(s+ t)(s+ t − 1)+
m+1∑
i=s+1
min{r(s+ t), di − r(m− s)} +
n∑
i=m+t+2
min{r(s+ t), di}, (1)
and s+ t is smallest. Let
u = max{i|di = ds and i ≤ m+ 1} and v = max{j|dm+1+j = dm+1+t and j ≤ n−m− 1}.
If s = 0, we define u to be 0; if t = 0, then v = 0. By hypothesis, we have that
u∑
i=1
di +
v∑
i=1
dm+1+i ≤ r(u+ v)(u+ v − 1)+
m+1∑
i=u+1
min{r(u+ v), di − r(m− u)} +
n∑
i=m+v+2
min{r(u+ v), di}. (2)
By the choice of s and t , we also have that if s ≥ 1 then
s−1∑
i=1
di +
t∑
i=1
dm+1+i ≤ r(s+ t − 1)(s+ t − 2)+
m+1∑
i=s
min{r(s+ t − 1), di − r(m− s+ 1)}
+
n∑
i=m+t+2
min{r(s+ t − 1), di}, (3)
and if t ≥ 1 then
s∑
i=1
di +
t−1∑
i=1
dm+1+i ≤ r(s+ t − 1)(s+ t − 2)+
m+1∑
i=s+1
min{r(s+ t − 1), di − r(m− s)}
+
n∑
i=m+t+1
min{r(s+ t − 1), di}. (4)
For 1 ≤ i ≤ r − 1, let αi be the number of values of j for which dj = rm+ rt − r + i and s+ 1 ≤ j ≤ m+ 1, and let αr
be the number of values of j for which dj ≥ rm+ rt and s+ 1 ≤ j ≤ m+ 1. Also, for 1 ≤ i ≤ r − 1, let βi be the number of
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values of j for which dj = r(s+ t − 1)+ i and j ≥ m+ t + 2, and let βr be the number of values of j for which dj ≥ r(s+ t)
and j ≥ m+ t + 2. From (1), (3) and (4) we get that
ds > r(s+ t − 1)+ r(m− s+ 1)+ (β1 + 2β2 + · · · + rβr) if s ≥ 1, (5)
dm+1+t > r(s+ t − 1)+ (α1 + 2α2 + · · · + rαr)+ (β1 + 2β2 + · · · + rβr) if t ≥ 1. (6)
From (6), we also can get that
v = t or dm+1+t ≥ r(s+ t). (7)
Otherwise, if v > t and dm+1+t = r(s+t−1)+i for some1 ≤ i ≤ r−1, thenβi ≥ v−t . By (6), dm+1+t ≥ r(s+t−1)+iβi+1 ≥
r(s+ t − 1)+ i(v − t)+ 1, that is i ≥ i(v − t)+ 1, a contradiction which proves (7).
Now from (1), (2), (5), (6), and (7) we get after simplification
(u− s)ds + (v − t)dm+1+t < r(u+ v − 1)(u− s+ v − t)
+
m+1∑
i=u+1
[min{r(u+ v), di − r(m− u)} −min{r(s+ t), di − r(m− s)}]
+
n∑
i=m+v+2
[min{r(u+ v), di} −min{r(s+ t), di}]
≤ r(u+ v − 1)(u− s+ v − t)+ r(u− s)(m+ 1− u)+ r(v − t)(αr − u+ s)+ r(u− s+ v − t)(βr − v + t)
≤ (u− s)(ds − 1)+ (v − t)(dm+1+t − 1),
that is
(u− s)+ (v − t) < 0,
a contradiction which completes the proof. 
Proof of Theorem 1.7. The proof of Theorem 1.7 will proceed by the induction onm. Ifm = 1 and r = 1, then d2 ≥ 1, and
hence each realization ofpi containsK (1)2 . Suppose thatm = 1 and r ≥ 2. Then d2 ≥ 2r−1. Ifpi is not potentiallyK (r)2 -graphic,
wemay let G be a realization of pi with the vertex set V (G) = {v1, v2, . . . , vn} such that dG(vi) = di for 1 ≤ i ≤ n, G contains
no K (r)2 and eG(v1, v2) is maximal. Since eG(v1, v2) ≤ r−1, r ≥ 2 and d2 ≥ 2r−1, there exist x, y ∈ V (G)\{v1, v2} such that
v1x, v2y ∈ E(G). Clearly, G′ = (G \ {v1x, v2y})∪ {v1v2, xy} is a realization of pi with eG′(v1, v2) > eG(v1, v2), a contradiction
which shows that pi is potentially K (r)2 -graphic. Thus, Theorem 1.7 holds for m = 1. Now assume that Theorem 1.7 holds
for m − 1 (m ≥ 2). We will prove that Theorem 1.7 holds for m. Let pi = (d1, d2, . . . , dn) be an r-graphic sequence with
dm+1 ≥ 2rm − 1. We only need to show that there exists a realization of pi that contains K (r)m+1. To the contrary, assume
that each realization of pi contains no K (r)m+1. As dm ≥ dm+1 ≥ 2rm − 1 ≥ 2r(m − 1) − 1, by the induction hypothesis, pi
has a realization G with the vertex set V (G) = {v1, v2, . . . , vn} such that dG(vi) = di for 1 ≤ i ≤ n and G contains K (r)m on
those vertices of degree d1, . . . , dm, i.e., V (K
(r)
m ) = {v1, v2, . . . , vm}. Denote M = ∑mi=1 eG(vm+1, vi) (that is the number of
edges between K (r)m and vm+1). Clearly, M < rm. Amongst all realizations of pi that contain K (r)m on the vertices of degree
d1, . . . , dm, let Gmaximize the value ofM . Let vk ∈ {v1, v2, . . . , vm}with eG(vm+1, vk) < r . Let
A = NG\{v1,...,vm+1}(vk) \ NG\{v1,...,vm+1}(vm+1),
B = NG\{v1,...,vm+1}(vk) ∩ NG\{v1,...,vm+1}(vm+1). (8)
Then eG(x, y) = r for x ∈ NG\{v1,...,vm+1}(vm+1) and y ∈ NG\{v1,...,vm+1}(vk). Otherwise, if eG(x, y) < r , then G′ =
(G \ {vky, vm+1x}) ∪ {vkvm+1, xy} is a realization of pi such that ∑mi=1 eG′(vm+1, vi) > M , which contradicts the choice
of G. Thus, B is r-complete, and hence |B| ≤ m. We consider the following two cases.
Case 1. A = ∅.
Then 2rm−1 ≤ dk = dG(vk) ≤ rm−1+r|B|, and so |B| = m and eG(z, vk) = r for any z ∈ B. Thus, B∪{vk} is r-complete,
a contradiction.
Case 2. A 6= ∅.
Let a ∈ A. If there are x, y ∈ NG\{v1,...,vm+1}(vm+1) such that eG(x, y) < r , then
G′ = (G \ {vm+1x, vm+1y, vka}) ∪ {vkvm+1, avm+1, xy}
is a realization of pi such that
∑m
i=1 eG′(vm+1, vi) > M , which contradicts the choice of G. Thus we may assume that
NG\{v1,...,vm+1}(vm+1) is r-complete, and hence |NG\{v1,...,vm+1}(vm+1)| ≤ m. Since 2rm − 1 ≤ dm+1 = dG(vm+1) ≤ rm −
1 + r|NG\{v1,...,vm+1}(vm+1)|, we have that |NG\{v1,...,vm+1}(vm+1)| = m and eG(z, vm+1) = r for any z ∈ NG\{v1,...,vm+1}(vm+1).
Thus, NG\{v1,...,vm+1}(vm+1) ∪ {vm+1} is r-complete, a contradiction which proves Theorem 1.7. 
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